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The relevance of magnetic impurity problems in cold atom systems depends crucially on the
nature of the exchange interaction between itinerant fermionic atoms and localized impurity atoms.
In particular, Kondo physics occurs only if the exchange interaction is anti-ferromagnetic, and strong
enough to yield high enough Kondo temperature (TK/TF ≥ 0.1). Focusing, as an example, on the
experimentally accessible system of ultra-cold 173Yb atoms, it is shown that the sign and strength
of an exchange interaction between an itinerant Yb(1S0) atom and a trapped Yb(
3P0) atom can be
optically controlled. Explicitly, as the light intensity increases (from zero), the exchange interaction
changes from ferromagnetic to anti-ferromagnetic. When the light intensity is such that the system
approaches a singlet Feshbach resonance (from below), the singlet scattering length aS is large and
negative, and the Kondo temperature increases sharply.
PACS numbers: 37.10.Jk, 31.15.vn, 33.15.Kr
Introduction: Controlling interaction between cold
atoms is a godsend, as it turns atomic systems capable
of demonstrating new phenomena that cannot be other-
wise accessed within solid state physics proper [1–5]. In a
series of theoretical [6–9] and experimental [10–16] inves-
tigations, it has been established that, as far as potential
scattering is concerned, the strength of atomic interac-
tions can be tuned by laser beams. The prime object of
these studies is to achieve an optical Feshbach resonance
and thereby to obtain a Bose-Einstein condensate in cold
bosonic atom systems.
On the other hand, the feasibility of controlling the
strength and the sign of exchange interaction between
atoms is much less studied. Its importance has been rec-
ognized recently, in the quest for studying the Kondo ef-
fect [17] in cold atom systems [18]. The physics exposed
in the study of magnetic impurities when the itinerant
(fermionic) atoms have spin F ≥ 32 is very rich, touch-
ing upon exotic phenomena such as over-screening [19],
realization of the Coqblin-Schrieffer model [20], multipo-
lar Kondo effect [21] and others. Recently, it has been
shown that exchange interaction can be controlled by the
technique of confined-induced-resonance (CIR) [22–25].
The goal of the present study is to show that exchange
interaction between fermionic atoms can be optically con-
trolled [34]. As an experimentally feasible example we
consider 173Yb atoms. Those in the ground state 1S0 are
itinerant, (forming a degenerate Fermi gas confined in a
shallow square well potential), whereas those in the long
lived excited state 3P0 are trapped in a state-dependent
optical potential and serve as dilute concentration of lo-
calized magnetic impurities. Both the ground 1S0 and
excited 3P0 state atoms have spin F =
5
2 (that is the
nuclear spin). In this case, the Coqblin-Schrieffer model
with SU(6) symmetry [17] is realizable due to a unique
exchange mechanism [20]. It is shown that by applying
laser beams on the atomic gas, the exchange interaction
between Yb(1S0) and Yb(
3P0) atoms can be controlled,
both in sign and magnitude. In particular, with increas-
ing the light intensity, the exchange interaction changes
from ferromagnetic to anti-ferromagnetic, that is a pre-
requisite for occurrence of the Kondo physics.
Description of the system: Consider a 3D gas of
173Yb atoms confined in a shallow square well poten-
tial. Most of the atoms remain in the ground state (1S0)
and form a Fermi sea due to its half integer nuclear spin
I = 52 (see green area in Fig. 1). However, following a
coherent excitation via the clock transition, a few atoms
occupy the long-lived excited state (electronic configu-
ration 3P0). These excited atoms can be trapped in a
state-dependent optical lattice potential as schematically
displayed in Fig. 1 (red circles), and can be regarded as
dilute concentration of localized impurities.
FIG. 1: (Color online) Illustration of a magnetic impurity
setup for 173Yb atoms (schematic). Atoms in the ground-
state 1S0 form a Fermi sea (Fermi energy ǫF ), while atoms in
the excited-state 3P0 are trapped in an optical potential and
form a dilute concentration of localized magnetic impurities.
ǫe,g is the excitation energy (5) of the
3P0 state.
2The energy dispersion and density of states (DOS) for
the (weakly confined) Yb(1S0) atoms read,
ǫk =
~
2k2
2M
, ρ(ǫ) =
Mkǫ
2π2~2
. (1)
Here M is the atomic mass, k = |k|, k = (kx, ky, kz),
with kα=x,y,z =
πnα
2L , in which {nα} are integers and
kǫ =
√
2Mǫ/~.
As for the impurities, an Yb(3P0) atom at position
R = (X1, X2, X3) is trapped by an optical potential,
Ve(R) = −V (0)e
∑
α
sin2
(
keXα
)
, (2)
where ke is the wave number of the laser light. The lowest
energy level ǫimp of the Yb(
3P0) atom is deep and close
to the minimum of Ve(R), hence it can be approximated
harmonic potential at lowest energy,
ǫimp =
3
2
~Ωe, (3)
wherein the harmonic frequency and length are,
~Ωe = 2
√
EeV (0)e , keae =
( Ee
V
(0)
e
)1/4
, (4)
with recoil energy Ee = ~
2k2
e
2M .
Exchange interaction between the Yb(1S0) and
Yb(3P0) atoms is described in details in Ref. [20], but
there, one of the parameters is chosen wrongly, leading to
an incorrect conclusion. Here we correct it and explain
how the exchange interaction can be optically controlled.
Consider an Yb atom as a doubly ionized closed shell
rigid ion and two valence electrons. The ground state
1S0 electron configuration is 6s
2, whereas that of the ex-
cited state 3P0 is 6s6p. The excitation energy is
ǫe,g = ǫe − ǫg = 2.14349 eV. (5)
The positions of the ion core and the outer electrons are
respectively specified by vectors R, ra and rb. In the
adiabatic (Born-Oppenheimer) approximation (which is
well substantiated in atomic physics), the wave function
of a single Yb atom is expressed as a product of the wave
functions of the rigid ion core (considered as a point parti-
cle of mass M), and that of the valence electrons. When
one valence electron virtually tunnels from an Yb(6s2)
atom to an Yb(6s6p) atom we get an ionized Yb+(6s)
atom and a charged Yb−(6s26p) atom. The correspond-
ing excitation energy is,
∆ε = εion − εea − ǫe,g = 4.4107 eV, (6)
where εion = 6.2542 eV is the ionization energy of yt-
terbium [26] and εea = −0.3 eV is the electron affinity
[27].
Such virtual tunneling of electrons between the atoms
gives rise to anti-ferromagnetic exchange interaction be-
tween them. Following Ref. [20], we describe the ex-
change interaction by the potential
V
(bare)
exch (R) = g0ζ(R), (7)
where
g0 = 2.821472 eV× A˚3,
ζ(R) =
1
Z
(
R
r0
)4γ
e−κ(R−r0),
Z =
4πr30(
κr0
)4γ+3 Γ(4γ + 3, κr0) eκr0 .
Here r0 is the classical turning point where the van der
Waals potential vanishes [see Eq. (8) below]. The pa-
rameters κ and γ are
κ = κs + κp = 2.3199 A˚
−1
,
γ =
1− βs
βs
+
1− βp
βp
= 1.2942,
where βs = 0.67799, βp = 0.54966, κs = 1.2812 A˚
−1 and
κp = 1.0387 A˚
−1 [20].
Van der Waals interaction: The van der Waals inter-
action between the Yb atoms is modelled here by the
Lennard-Jones potential [28, 32],
W (bare)(R) =
C6
R6
{
σ6
R6
− 1
}
− C8
R8
, (8)
with C6 = 2.561 ·103Eha6B, C8 = 3.222465 ·105Eha8B and
σ = 9.0109361aB, where Eh = 27.211 eV is the Hartree
energy and aB = 0.52918 A˚ is the Bohr radius.
Light-assisted interaction: Controlling the strength
and sign of the exchange interaction is achieved by sub-
jecting the mixture of Yb atoms to a laser beam of fre-
quency ω0 that is tuned to be close to the resonant fre-
quency ωres = ∆ε/~. Recall that ∆ε is the energy dif-
ference (6) between the two neutral atoms and the two
ions. Concretely, ωres2πc = 35574.7 cm
−1.
The interaction between the electromagnetic field (de-
rived from a vector potentialA) and electrons in an atom
is of the form [33],
Hem = −e
c
p ·A
me
,
where p = −i~∇ is the electronic momentum operator
and me is the electronic mass. This interaction gives rise
to tunneling of electrons between the atoms. When de-
tuning ∆ω = ω0 − ωres of the light frequency is much
larger than the natural linewidth of the absorption line
ωres, tunnelling of electrons between the atoms is for-
bidden by the energy conservation law. In second order
perturbation theory, the laser light induces an additional
3potential W (ind)(R) and exchange interactions V
(ind)
exch (R)
between the neutral atoms,
W (ind)(R) =
1
~∆ω
{
t2s,ind(R) + t
2
p,ind(R)
}
, (9)
V
(ind)
exch (R) =
2
~∆ω
ts,ind(R) tp,ind(R). (10)
The tunneling rates tµ,ind(R) (µ = s, p) are,
tµ,ind(R) =
ev0E0
4πω0
Fµ(R),
where v0=
~
meaB
=0.00729735c, E0 is the amplitude of
the laser’s electric field and the dimensionless functions
Fµ(R) are
Fµ(R) = aB
∫
d3r ψ∗µ
(∣∣r−R∣∣) ∂ψµ(r)
∂z
. (11)
The axis z is chosen parallel to the vector R = Rg−Re.
For the single-electron wave function ψµ(r), we use the
asymptotic expression [20],
ψµ(r) =
√√√√ 2A κ3µ
π Γ
(βµ+2
βµ
) (2κµr) 1−βµβµ e−κµr, (12)
where µ = s, p for the 6s and 6p electron, A = 1.355,
βs = 0.67799, κs = 1.2812 A˚
−1
,
βp = 0.54966, κp = 1.0387 A˚
−1
.
It is useful to rewrite the (laser induced) potential and
exchange contributions [W (ind)(R) and V
(ind)
exch (R)] in the
compact form,
W (ind)(R) =
V0
2
{
F2s (R) + F2p (R)
}
, (13)
V
(ind)
exch (R) = V0 Fs(R) Fp(R), (14)
where the coupling V0 is given by,
V0 =
2
~∆ω
(
eE0v0
4πω0
)2
. (15)
Hereafter we consider the case of blue detuning with
∆ω > 0.
Scattering lengths: The van der Waals and ex-
change interactions yield “singlet” and “triplet” scatter-
ing lengths [20, 28, 29],
aν = a¯
{
1− tan
(
Φν − π
8
)}
, (16)
where ν = S, T for the quantum states with antisym-
metric (“singlet”) and symmetric (“triplet”) two-particle
spin wave functions, and
a¯ =
1
23/2
Γ
(
3
4
)
Γ
(
5
4
) (MC6
~2
)1/4
= 39.73 A˚. (17)
The parameters Φν are,
Φν =
∞∫
Rν
Kν(R) dR, (18)
where
Kν(R) =
1
~
√
−M[W (R) + ηνVexch(R)]. (19)
In the above equation W (R) =W (bare)(R) +W (ind)(R),
Vexch(R) = V
(bare)
exch (R) +V
(ind)
exch (R), ηS = 1 and ηT = −1.
Rν is the solution of equation W (Rν)+ ηνVexch(Rν) = 0.
When the intensity of the laser beam with frequency
ω0 vanishes [i.e., when V0 → 0], the scattering lengths
are [20]
aS = 1878 aB, aT = 219.7 aB, (20)
(where aB is the Boh’r radius) which agree well with the
experimental results [30, 31].
Evaluating the scattering lengths for nonzero V0, re-
quires calculation of V
(ind)
exch (R) and W
ind(R), eqs. (14)
and (13). Substituting them into eq. (18) yields the
quantity Φν=S,T as functions of V0. This is carried out
numerically, after which eq. (16) is employed to find the
scattering lengths.
FIG. 2: (Color online) Scattering lengths aS [blue curve] and
aT [red curve] as functions of V0.
The scattering lengths (16) calculated numerically are
displayed in Fig. 2 as functions of V0. It is seen that in
the interval V0 < 12.5 meV, there is a value of V0 where
aS is singular: Vc = 0.3809 meV. On the other hand, aT
varies slowly within the interval V0 < 12.5 meV.
Kondo Hamiltonian: Once the “singlet” and “triplet”
scattering lengths are known, it is possible to construct
the effective Kondo Hamiltonian, with explicit expres-
sions for potential and exchange coupling constants de-
noted below as gpot and gexch respectively. Let us con-
sider a degenerate Fermi gas of Yb(1S0) atoms, and one
Yb(3P0) atom localized at Re = 0 which plays a role of
4a magnetic impurity. Then the Kondo Hamiltonian is,
HK = gpot
∑
k,k′
∑
m
c†
k′,mck,m +
+ gexch
∑
k,k′
∑
m 6=m′
Xm,m
′
c†
k′,m′ck,m +
+ gexch
∑
k,k′
∑
m
Zm,mc†
k′,mck,m. (21)
Here ck,m and c
†
k,m are annihilation and creation oper-
ators of itinerant atom with wave vector k and mag-
netic quantum number m. Xm,m
′
= |m〉〈m′| are Hub-
bard operators of the localized impurity, the ket |m〉 de-
scribes the impurity with magnetic quantum number m.
Zm,m = Xm,m − 16 . gpot and gexch are effective cou-
plings of the potential and exchange interactions. Here
gexch > 0 denotes antiferromagnetic exchange interac-
tion. The laser induced scattering lengths due to the
short range interaction (21) are,
aν=S,T =
M
4π~2
{
gpot + αν gexch
}
, (22)
where αS = − 76 and αT = 56 . Then the couplings gpot
and gexch of the potential and exchange interactions are
expressed is terms of the scattering lengths as,
gpot =
π~2
3M
{
5aS + 7aT
}
, (23)
gexch =
2π~2
M
{
aT − aS
}
. (24)
Eq. (24) shows that when aT > aS , the exchange in-
teraction is anti-ferromagnetic and the Hamiltonian (21)
gives rise to Kondo effect. When aT < aS , the exchange
interaction is ferromagnetic and there is no Kondo effect.
Kondo temperature: When the exchange interaction
(21) is anti-ferromagnetic (corresponding to regions in
Fig. 2 where aT > aS), the Kondo temperature is [17],
TK = D0 exp
(
− 1
6 gexch ρ(ǫF )
)
. (25)
Hereafter we assume that 2~Ωe < ǫF [where ǫF is the
Fermi energy and the harmonic frequency Ωe is given
by eq. (4)], and therefore D0 = 2~Ωe/kB plays a role
of ultraviolet cutoff of the Kondo theory. The constant
ρ(ǫF ) is the DOS (1) at the Fermi energy. A simple
expression relating TK to the scattering lengths (valid
for aT > aS) then reads,
TK = D0 exp
(
− π
6kF
(
aT − aS
)
)
, (26)
where aT and aS as functions of V0 are shown in Fig. 2.
The Kondo temperature (26) calculated numerically
is shown in Fig. 3, (blue curves). It is seen that the
FIG. 3: (Color online) Kondo temperature (blue curves) (26)
as a function of V0 for ǫF/kB = 100 nK. The red segment
indicates the interval V0 < Vc for which the Kondo effect is
absent. Thus, the red dot denotes the critical potential Vc
which separates the interval where Kondo effect is present
from that where it is absent.
Kondo temperature sharply increases with decreasing aS
[see Fig. 2]. In the red segment of V0 where aS > aT the
Kondo effect is absent.
Conclusions: Tuning interaction strength in quantum
impurity problems in cold atom systems cannot rely on
the application of an external magnetic field (for driving
Feshbach resonance), because it is detrimental for the
Kondo effect. Hence, employing optical toolbox for con-
trolling interaction strength in cold atom systems is a
proper substitute. But so far it has been applied in nu-
merous works mainly for studying bosonic systems. The
quest for studying quantum (magnetic) impurity prob-
lems and Kondo physics requires a novel kind of con-
trolling the exchange interaction. More concretely, it in-
volves a subtle tuning of “singlet” and “triplet” scat-
tering lengths, and identifying the conditions wherein
aS < aT , for which the exchange interaction is antiferro-
magnetic.
This objective has been achieved here for an experi-
mentally representative system. The feasibility to con-
struct optically tuneable exchange interaction between
itinerant 173Yb(1S0) atoms and a localized
173Yb(3P0)
impurity has been analyzed. “Singlet” and “triplet” scat-
tering lengths as a function of V0 (which is proportional
to the light intensity) are explicitly calculated and the re-
gions where aS < aT in which the exchange interaction is
antiferromagnetic are identified. With increasing inten-
sity of light (from zero), the exchange interaction changes
both in magnitude and in sign. The Kondo Hamiltonian
is then constructed and the Kondo temperature is calcu-
lated in the intervals of V0 where the exchange interac-
tion is anti-ferromagnetic. It is shown that TK increases
sharply before reaching an optical Feshbach resonance
where the singlet scattering length approaches −∞ [35].
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6About spontaneous emission
Spontaneous emission is dangerous since it heats the
atomic gas. In order to avoid this, we need to organize
the procedure as follows:
(1) The frequency of detuning from the resonant fre-
quency is needed to be large enough so that the decay
rate due to spontaneous emission of a photon is very low.
(2) The 1S0 and
3P0 quantum states have different
electronic principal quantum numbers and spin states.
Electric dipole transition between the singlet states 1S0
and 3P0 is forbidden. Magnetic dipole transition can
change the spin, but not the principal quantum number.
Therefore, spontaneous quantum transition from 3P0 to
1S0 state of Yb is virtually forbidden (or at least, the
lifetime of the 3P0 state is very long).
Note that the same problem exists also for a ”bare”
mixture of Yb(1S0) and Yb(
3P0) atoms (without an ad-
ditional laser light). However, applying an additional
laser radiation makes the exchange interaction stronger
and (possible) the lifetime shorter. So far, we do not
know how to calculate the lifetime.
In an experimental work arXiv:1708.03810 [24] the au-
thors write: “For the scattering of the ionization beam,
we will try to estimate the scattering rates and compare
it with our trap depths. Probably, we will have to choose
a significant detuning as not to heat the atoms out of the
trapping confinement.”
